Let D(G) = (dij)n×n denote the distance matrix of a connected graph G with order n, where dij is equal to the distance between vertices vi and vj in G. A graph is called distance integral if all eigenvalues of its distance matrix are integers. In 2014, Yang and Wang gave a sufficient and necessary condition for complete r-partite graphs Kp 1 ,p 2 ,...,pr = Ka 1 ·p 1 ,a 2 ·p 2 ,...,as·ps to be distance integral and obtained such distance integral graphs with s = 1, 2, 3, 4. However distance integral complete multipartite graphs Ka 1 ·p 1 ,a 2 ·p 2 ,...,as·ps with s > 4 have not been found. In this paper, we find and construct some infinite classes of these distance integral graphs Ka 1 ·p 1 ,a 2 ·p 2 ,...,as·ps with s = 5, 6. The problem of the existence of such distance integral graphs Ka 1 ·p 1 ,a 2 ·p 2 ,...,as·ps with arbitrarily large number s remains open.
Introduction
Let G be a simple connected undirected graph with vertex set denoted by V (G) = {v 1 , v 2 , . . . , v n }. A(G) = (a ij ) is an n × n matrix, where a ij = 1 if v i and v j are adjacent and a ij = 0 otherwise. The distance between the vertices v i and v j is the length of a shortest path between them, and is denoted by d ij . The distance matrix of G, denoted by D(G), is the n × n matrix whose (i, j)-entry is equal to d ij for i, j = 1, 2, . . . , n (see [3] ). Note that d ii = 0, i = 1, 2, . . . , n. The distance characteristic polynomial (or D-polynomial) of G is D G (x) = |xI n − D(G)|, where I n is the n × n identity matrix. The eigenvalues of D(G) are said to be the distance eigenvalues or D-eigenvalues of G. Since D(G) is a real symmetric matrix, the D-eigenvalues are real and can be denoted as µ 1 ≥ µ 2 ≥ . . . ≥ µ n . The distance spectral radius of G is the largest D-eigenvalue µ 1 and denoted by µ(G). Assume that µ 1 > µ 2 > . . . > µ t are t distinct D-eigenvalues of G with the corresponding multiplicities k 1 , k 2 , . . . , k t . We denote by Spec(G) = µ t µ t−1 . . . µ 2 µ 1 k t k t−1 . . . k 2 k 1 the Distance spectrum or the D-spectrum of G. G is called integral if all eigenvalues of A(G) are integers. Similarly to integral graphs, a graph is called distance integral if all its D-eigenvalues are integers. Many results about distance spectral radius and the D-eigenvalues of graphs can be found in [1, 2, 4, 6, 7, 9, 11, 12, 15, 17, 18] . Some more results about spectral graph theory can be found in [8, 13, 19] .
A complete r-partite (r ≥ 2) graph K p1,p2,···,pr is a graph with a set V = V 1 ∪ V 2 ∪ · · · ∪ V r of p 1 + p 2 + · · · + p r (= n) vertices, where V i 's are nonempty disjoint set, |V i | = p i , such that two vertices in V are adjacent if and only if they belong to different V i 's. Assume that the number of distinct integers of p 1 , p 2 , · · ·, p r is s. Without loss of generality, assume that the first s ones are the distinct integers such that p 1 < p 2 < . . . < p s . Suppose that a i is the multiplicity of p i for each i = 1, 2, . . . , s. The complete r-partite graph K p1,p2,···,pr = K p1,...,p1,...,ps,...,ps on n vertices is also denoted by K a1·p1,a2·p2,...,as·ps , where r = s i=1 a i and n = s i=1 a i p i . In 2014, Yang and Wang gave a sufficient and necessary condition for K a1·p1,a2·p2,...,as·ps to be distance integral and obtained such distance integral graphs K a1·p1,a2·p2,...,as·ps with s = 1, 2, 3, 4 (see [16] ). In this paper, we find and construct some infinite classes of these distance integral graphs K a1·p1,a2·p2,...,as·ps with s = 5, 6 by using a computer search. For s = 5, 6, we give a positive answer to a question of Yang et al. [16] . The problem of the existence of distance integral complete multipartite graphs K a1·p1,a2·p2,...,as·ps with arbitrarily large number s remains open.
Preliminaries
In this section, we shall give some known results on distance integral complete r-partite graphs, which are used in our theorem proof later. [7] and [10] ) Let G be a complete r-partite graph K p1,p2,...,pr on n vertices. Then the D-polynomial of G is
Theorem 2. (See [16] ) If the complete r-partite graph K p1,p2,...,pr = K a1·p1,a2·p2,...,as·ps on n vertices is distance integral then there exist integers
are positive integers. Conversely, suppose that there exist integers
. . . , s) are positive integers. Then the complete r-partite graph K p1,p2,...,pr = K a1·p1,...,as·ps is distance integral. [16] )For any positive integer q, the complete r-partite graph K p1q,p2q,...,pr q = K a1·p1q,a2·p2q,...,as·psq is distance integral if and only if the complete r-partite graph K p1,p2,...,pr =Ka 1 ·p 1 ,a 2 ·p 2 ,...,as ·ps is distance integral.
Remark 4. Let GCD(p 1 , p 2 , . . . , p s ) denote the greatest common divisor of the numbers p 1 , p 2 , . . . , p s . We say that a vector (p 1 , p 2 , . . . , p s ) is primitive if GCD(p 1 , p 2 , . . . , p s ) = 1. Theorem 3 shows that it is reasonable to study the complete r-partite graph K p1,p2,...,pr = K a1·p1,a2·p2,...,as·ps only for primitive vectors (p 1 , p 2 , . . . , p s ).
Theorem 5. (See [16] ) Let a complete r-partite graph K p1,p2,...,pr = K a1·p1,a2·p2,...,as·ps be distance integral with eigenvalues µ i . Let µ i (≥ 0) and p i (> 0)(i = 1, 2, . . . , s) be integers such that −2
are positive integers, then for
the complete m-partite graph K p1,p2,...,pm = K b1·p1,b2·p2,...,bs·ps is distance integral for every nonnegative integer t with eigenvalues µ 1 , µ 2 , . . . , µ s−1 , µ
Main Results
In this section, we construct some distance integral complete r-partite graphs with s = 5, 6. Moreover we also get infinitely many new classes of distance integral complete r-partite graphs K p1,p2,...,pr = K a1·p1,a2·p2,...,as·ps with s Table 1 . p i , a i and µ i (i = 1, 2, 3, 4, 5) are those of Theorem 2, where GCD(p 1 , p 2 , p 3 , p 4 , p 5 ) = 1. Then for any positive integer q the graph K a1·p1q,a2·p2q,a3·p3q,a4·p4q,a5·p5q on qn(= q
Proof. From Theorem 2, it is not difficult to find that for s = 5 the complete r-partite graphs K p1,p2,...,pr = K a1·p1,a2·p2,...,as·ps is distance integral if and only if integers p i (> 0), a i (> 0) and µ i (i = 1, 2, 3, 4, 5) satisfy the following equations.
From Theorem 3, we need only consider the case GCD(p 1 , p 2 , . . . , p s ) = 1. Hence, by using a computer search, we have found 37 integral solutions listed in Table 1 , where 1 ≤ p 1 ≤ 7,
By Theorem 3 it follows that these graphs K a1·p1q,a2·p2q,a3·p3q,a4·p4q,a5·p5q are distance integral for any positive integer q.
According to Theorem 3 and Theorem 5, we can obtain the following theorem. 5  12  20  1302  254  185  70  132  0  2  7  13  6478  1  3  8  18  26  1914  520  197  36  46  0  4  14  21  6901  1  3  9  23  35  1596  444  91  112  22  0  5  13  31 1  7  11  17  26  344  113  39  56  68  0  7  11  19  4299  1  7  15  17  26  2920  129  53  48  105  3  9  14  19  8175  1  8  10  18  23  1064  107  56  99  140  1  7  10  18  7496  1  8  13  19  33  3225  180  74  92  68  3  9  14  26  9631  1  8  13  22  31  1228  102  22  51  96  2  9  13  23  6446  1  8  13  22  31  1535  144  44  102  30  2  9  14  27  6446  1  8  13  22  31  1842  198  88  51  24  2  9  17  27  6446  1  8  16  21  39  3873  60  63  22  16  5  11  18  34  6454  1  15  20  24  36  986  29  6  22  27  6  16  19  28  3058  2  4  8  21  35  370  150  30  18  64  1  5  12  22  4218  2  5  9  20  34  387  30  79  56  21  2  4  12  28  3483  2  5  10  14  22  96  7  19  15  6  2  4  10  18  768  2  5  11  15  23  908  590  134  51  80  1  7  12  18  8853  2  6  10  15  35  1225  46  120  164  46  3  5  10  28  8008  2  6  10  15  35  2058  184  80  41  39  3  7  12  28  8008  2  6  14  23  32  413  20  28  70  18  3  6  14  28  3540  2  6  14  23  32  590  50  7  22  45  3  10  14  24  3540  2  7  14  24  40  564  60  147  131  54  2  6  16  33  8930  2  8  13  20  32  1036  183  24  58  72  3  10  14  24  7326  2  9  14  20  50  552  44  118  50  16  3  8  16  42  4968  2  10  14  19  22  258  81  52  7  33  2  10  16  18  2924  2  10  16  21  26  198  28  10  3  6  4  12  18  22  1064  2  10  16  23  35  654  258  63  57  62  2  12  18  28  8393  2  10  16  23  35  1962  86  42  45  54  6  12  18  28  8393  2  10  20  23  34  2575  133  47  30  52  6  15  20  28  9888  3  6  9  16  28  387  254  70  92  128  2  6  10  19  8386  3  6  9  16  28  516  381  140  23  104  2  6  13  19  8386  3  6  15  20  33  532  82  86  33  112  3  7  16  22  7753  3  6  15  20  33  798  164  43  24  98  3  10  16  22  7753  3  7  12  19  35  450  148  20  51  45  3  9  13  26  5185  3  12  16  23  31  411  51  13  3  46  6  13  19  22  3563  3  12  17  19  30  410  215  60  74  50  3  13  16  25  7750  4  7  12  19  40  78  51  40  21  31  3  7  14  26  2810  4  8  15  20  25  230  170  189  101  38  3  8  16  22  8098  4  9  14  20  48  179  70  12  81  9  4  10  13  42  3582  4  9  16  22  39  129  136  22  18  134  3  11  16  22  7742  5  8  13  22  31  379  85  55  30  80  5  9  16  23  6446  5  10  14  17  42  385  156  66  163  27  5  10  13  36  8328  5  11  19  22  35  344  249  24  75  21  5  15  18 
